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Minimal Model for Dilatonic Gravity and Cosmological Constant
P. P. Fiziev ∗
Department of Theoretical Physics, Faculty of Physics, Sofia University, 5 James Bourchier Boulevard, Sofia 1164, Bulgaria
We consider: minimal scalar-tensor model of gravity with
Brans-Dicke factor ω(Φ) ≡ 0 and cosmological factor Π(Φ);
restrictions on it from gravitational experiments; qualitative
analysis of new approach to cosmological constant problem
based on the huge amount of action in Universe; determina-
tion of Π(Φ) using time evolution of scale factor of Universe.
PACS number(s): 04.50.+h, 04.40.Nr, 04.62.+v
I. INTRODUCTION
The recent astrophysical observations of the type Ia su-
pernovae [1], CMB [2], gravitational lensing and galaxies
cluster’s dynamics (see the review articles [3] and the ref-
erences therein) gave us a strong and independent indica-
tions of existence of some new kind of energy in the Uni-
verse, needed to explain its accelerated expansion. Never-
theless we are not complete confident in these preliminary
results, combining them with old problems of cosmology
and astrophysics, we can conclude that most likely some
further generalization and enlargement of the frameworks
of the well established fundamental laws of physics, and
in particular, of the laws of gravity, is needed.
At present, general relativity (GR) is the most suc-
cessful theory of gravity at scales of laboratory-, Earth
surface-, solar system- and star systems. It gives a
quite good description of gravitational phenomena in the
galaxies and at the scales of the whole Universe [4]. But
without some essential changes it is problematic in expla-
nation of the rotation of the galaxies and their motion in
the galactic clusters, the initial singularity problem, the
physics in the early Universe and the inflation [6], the
present days accelerated expansion of the Universe [1]-
[3] and the famous vacuum energy problem [5].
The most promising modern theories of gravity, like su-
pergravity and (super)string theories [7], having a deep
theoretical basis, incorporate naturally GR. Unfortu-
nately, at least at present, they are not developed enough
to allow a real experimental test, and introduce a large
number of new fields without any direct experimental ev-
idences for doing this.
Therefore it seems meaningful to look for some min-
imal extension of GR which is compatible with known
gravitational experiments, promises to overcome at least
some of the above problems and may be considered as a
necessary part of more general modern theories.
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It is most likely that such minimal extension must in-
clude one new scalar-field degree of freedom. Its contri-
bution to the action of the theory can be described in
different (sometimes equivalent) ways, being not fixed a
priori and there exist many attempts in this direction,
starting from Jordan-Fierz-Brans-Dicke theory of vari-
able gravitational constant and its further generalizations
– the so called scalar tensor theories of gravity [8] which
have been proved to be the most natural extension of GR
[9]. Different models of this type ware used in the infla-
tionary scenario [6] and in the more recent quintessence
models [10]. For the latest development of the scalar-
tensor theories with respect to accelerated expansion of
the Universe one can consult the recent article [11].
One more model called a minimal dilatonic gravity
(MDG) was proposed in the article [12]. Being a model
with one additional scalar field Φ which couples non-
minimally with the space-time metric, it differs from the
known inflationary models with spin zero inflation field.
At the same time being mathematically equivalent to
some of the quintessence models, MDG describes a com-
plete different physics (see [11]), because of the relatively
big massmΦ ≥ 10−4eV of the scalar field Φ [12]. One has
to remind the reader that in the standard quintessence
models two different possibilities ware used until now (see
[13] and the references therein): a scalar field with a
typically extremely small mass ∼ 10−33eV , or massless
scalar field with inverse-degree-potential [10]. In both
cases these models suffer of some difficulties [14].
The dilatonic-gravity action in the MDG model has
the form
AG,Λ = − c2κ¯
∫
d4x
√
|g|Φ(R+ 2ΛΠ(Φ)) (1)
and corresponds to the specific choice ω(Φ) ≡ 0 of the
Brans-Dicke parameter. In the Eq. (1) Λ is the cosmo-
logical constant and the function Π(Φ) presents a dimen-
sionless cosmological factor.
The matter action AM and matter equations of motion
are supposed to have usual GR form and do not include
the scalar field Φ. This is our most important physical
assumption and it means that the dilaton field Φ does
not interact directly with the usual matter of any kind.
Its influence on this matter is indirect – only due to the
interaction of dilaton field Φ with the space-time metric.
Equations for metric gαβ and dilaton field Φ:
Φ (Gαβ−ΛΠ(Φ)gαβ)−(∇α∇β−gαβ✷)Φ= κ¯c2 Tαβ,
✷Φ+Λ dV
dΦ
(Φ) = κ¯
3c2
T (2)
yield usual energy-momentum conservation law
1
∇α Tαβ = 0 (3)
and the important relation:
R+ 2Λ dU
dΦ
(Φ) = 0. (4)
The quantities dV
dΦ
:= 2
3
Φ (Φ dΠ
dΦ
−Π) and U(Φ) := ΦΠ(Φ)
introduce dilatonic potential V (Φ) – in Eq.(2) and cos-
mological potential U(Φ) – in Eq.(4).
It is remarkable that introducing the dilaton field Φ in
MDG we do not need to prescribe some new charges, or
other novel properties to the usual matter. As seen from
Eq. (2), this field is complete determined by the trace of
the energy-momentum tensor of matter.
One has to stress that because of the condition ω(Φ)≡
0 the existence of nontrivial relativistic dynamics and
propagation of the dilaton field Φ in vacuum is deeply
connected with the nonzero space-time curvature. Tech-
nicaly, the second order dynamical equation for Φ in the
system (2) is obtained by contraction of the generalized
Einstein equations and making use of the algebraic re-
lation (4), derived by variation of the action (1) with
respect to the dilaton field. The second order derivatives
of the field Φ are created during the two-fold integration
by parts of the corresponding terms in variation of the
specific action (1) with respect to the metric, not with
respect to the very field Φ. Therefore, in a flat space-
time, the zero scalar curvature R in action (1) would lied
to a non-existence of dynamics of the dilaton field. This
simple argument, being specific for MDG, shows a deep
connection of the field Φ with the space-time curvature,
i.e., with the gravity. Therefore it seems natural to treat
the dilaton field Φ as a ”scalar part of gravity”, instead
of considering it as a new kind of matter scalar field.
The action (1) can be considered as a Helmholz action
of nonlinear gravity (see [15] and the references therein)
with lagrangian LNLG ∼
√
|g|f(r), r = R/Λ being di-
mensionless scalar curvature [12]. Indeed, because of the
absence of a Brans-Dicke kinetic term ∼ ω(Φ)(∇Φ)2,
the variation of the action (1) with respect to the dila-
ton field Φ gives the local algebraic relation (4) between
scalar curvature R and dilaton Φ, instead of differen-
tial equation. If d
2
dφ2
U(Φ) /≡ 0, one can solve the rela-
tion (4) with respect to the field Φ and this field be-
comes a local function of the scalar curvature: Φ = Φ(r).
(For ω 6= 0 the last relation would have a non-local
integral form.) The substitution of this function back
into the action (1) transforms it to the action of non-
linear theories of gravity ANLG = − cΛ2κ¯
∫
d4x
√
|g| f(r)
with f(r) = rΦ(r) + 2U(Φ(r)). The inverse correspon-
dence – from NLG to MDG – can be described in a
simple way, too. For a given function f(r) we have to
solve the algebraic equation d
dr
f(r) = Φ with respect to
the variable r. This gives a function r = r(Φ). Then
U(Φ) = − ∫ r(Φ)dΦ + const.
It is well known that the nonlinear gravity can be
created by the quantum corrections which appear after
quantization of the classical fields in curved space-time
[16]. This was the physical basis of the original Starobin-
sky model of inflation [17]. The modern development of
this model one can find in the recent articles [18].
The total energy momentum of the vacuum fluctua-
tions in this model cannot be obtained by varying a local
action, see the article by A. Vilenkin in [17]. There-
fore, in the general case MDG differs both physically
and mathematically from the Starobinsky model and its
modern developments. For example, the cosmological
perturbations in the two models are essentially different.
Nevertheless, it turns out that under proper particular
choice of the cosmological factor Π(Φ), MDG coincides
with Starobinsky model in the case of the conformally
flat Robertson-Walker (RW) metric. This happens just
because the term which yields the essential difference be-
tween the two models is proportional to the Weyl con-
formal curvature tensor, but this curvature is zero in the
conformally flat spaces with RW metric [19].
The last consideration indicates that probably we have
to look for the roots of our MDG in quantum field theory
in curved space-time.
At present, a well known candidate for a self-consistent
quantum theory of gravity is the superstring theory. It
turns out that the MDG can be considered as a four di-
mensional version of the low energy limit (LEL) of the
string theory in some new frame. In this new frame the
action (1) is precisely the stringy three-level effective ac-
tion for the metric and the dilaton only, corresponding
to the lowest order of string loop expansion, i.e., for the
most constant part of the string theory which has the
same form in all string models.
Indeed, let us consider the D-dimensional LEL la-
grangian in stringy frame (SF) [7]:
S
L
LEL
∼
√
|
S
g|e−2φ (
S
R+ 4
S
(∂φ)2 +
S
VSUSY (φ)
)
.
After Weyl conformal transformation: gµν → ebφgµν to
some new conformal frame, which depends on the param-
eter b, it acquires the form:
L
LEL
∼
√
|g|ep1(b)φ (R+p2(b)(∂φ)2+VSUSY (φ))
where p1(b) = (D − 2)b − 2 and p2(b) = 4−4(D−1)b+
(D−1)(D−2)b2 are polynomials in b of degree 1 and 2,
correspondingly.
Now, if we chose the parameter b = b
E
= 2D−2 , i.e., if
p1(bE ) = 0, we will obtain the well known Einstein frame
(EF) in which
E
L
LEL
∼
√
|
E
g|
(
E
R+
4
D − 2 E(∂φ)
2+
E
VSUSY (φ)
)
. (5)
But there exists another simple choice: p2(bF ) = 0
which gives b = b
F
= 2D−2
(
1± 1√
D−1
)
and a new con-
formal frame which we call a fundamental frame (FF).
If one sets Φ := exp
(
± 2φ√
D−1
)
, one reaches the follow-
ing simple form of string LEL lagrangian for metric and
dilaton fields in FF:
2
F
L
LEL
∼
√
|
F
g| (Φ
F
R+
F
USUSY (Φ)
)
. (6)
Obviously, under proper re-interpretation of all terms in
it, this lagrangian gives the action (1) as a truncated 4-
dimensional LEL action in graviton-dilaton sector of the
string theory, i.e., as an action, obtained neglecting i)the
contribution of all other string excitations, ii)the contri-
bution of the fields, connected with the higher dimensions
and iii)contribution of higher order terms of string per-
turbation theory.
At present the exact form of the potential
S
VSUSY (φ)
is not known. It may originate from SUSY breaking due
to gaugino condensation [7], or may appear in the theory
in some more sophisticated way.
The form of lagrangian (6) in FF is more simple than
the corresponding form in EF – (5). In the FF we
have a more direct interpretation of the MDG in the
spirit of Jordan-Fierz-Brans-Dicke theory, i.e. as a the-
ory with variable gravitational ”constant” G = G¯Φ−1 =
G¯exp
(
∓ 2φ√
D−1
)
. Because of the quadratic equation
p2(bF ) = 0 we have two possible values of the param-
eter b
F
and two fundamental frames: FF±. In each of
them the gravitational ”constant” depends exponentially
on the original (i.e., defined in the SF) dilaton field φ,
but the signs of the arguments in the corresponding ex-
ponents are opposite.
Note that using other values of the parameter b in the
exponential factor ebφ of the Weyl conformal transforma-
tion, one can produce a kinetic term for the dilaton in the
action of theory with any desired value of the coefficient
ω. It is clear that among the infinitely many possible
conformal frames the above two: the Einstein frame and
the fundamental frame are distinguished ones.
Usually one prefers to work in Einstein frame, because
in it the field variables
E
gµν and φ are separated and the
corresponding Cauchi problem is well posed [11]. Thus,
the choice of Einstein frame is a convenient mathematical
tool which is analogous to the choice of normal coordi-
nates in usual mechanics and field theory. In the ref-
erence [11] an additional description of this property of
Einstein frame is stressed: in it we have no mathemat-
ical mixing between ”true” helicity-0 excitation φ and
helicity-2 excitation
E
gµν , in contrast to the situation in
other conformal frames. For example, in Jordan frame
for scalar-tensor theories of general type these excitation
are mixed, see for details the reference [11].
It is well known that the EF is not the physical one
and one needs to find the physical frame to reach a right
interpretation of the results, see for example [11] and the
references therein.
Im MDG the true separation of the physical properties
of the helicity-0 and helicity-1 degrees of freedom takes
place in the fundamental frame:
1) Because of the condition ω(Φ) ≡ 0 in MDG we have
a local functional dependence between the fields φ and
Φ := exp
(
± 2φ√
D−1
)
, instead of the differential equation
(2.4b) in the reference [11]. Therefore the field Φ is not
physically different from the field φ, at least locally, and it
carries all physical properties of the true helicity-0 degree
of freedom, nevertheless these properties are described in
a different mathematical way.
2) In contrast to other frames in FF the helicity-0 field
degree of freedom does not interact directly with matter
at all, and only the helicity-2 field degree of freedom is
responsible for the interaction of gravity with matter.
Some time ago, the FF was recognized to be an useful
tool in the two-dimensional models of dilatonic gravity,
both classical and quantum ones – see the recent article
[20] and the references therein. Moreover, for the exact
quantization of allD = 2 models of pure dilatonic gravity
with arbitrary potential U(Φ) it turned out to be critical
to work just in the FF frame [21].
Now our main physical assumption may be formulated
as a hypothesis that the week equivalence principle is
valid precisely in FF. This means that just in FF we are
to set the action for usual matter in its GR form, i.e.,
we accept the FF as a physical frame in which the phys-
ical observations and experiments are performed. They
are described in the terms of standard non-Euclidean 4-
space-time geometry. In other words we assume that in
these experiments one is testing just the FF geometry
using the real physical objects. Hence the name ”funda-
mental frame”.
The string theory is supposed to work in the well stud-
ied and relatively simple way at Planck scales, but in
it one needs some additional (at present unknown) pro-
cedures for describing the usual matter. As a result,
at present we do not know how to treat the real mat-
ter (build of electrons, protons, π-mesons, e.t.c.) in the
framework of string theory. In particular, the interaction
of stringy dilaton with usual matter is unknown, see the
discussion of this problem and possible violation of the
week equivalence principle due to the interaction of dila-
ton with usual matter in [23]. In this situation our choice
of FF as a physical frame justifies the very string theory
in the spirit of Fierz article [22], where he first noticed
that the extremely high precision of the week equivalence
principle (nowadays it is at the level of 10−12) suggests
that the coupling of matter and gravity must have an ex-
act metric form, but there still exist an open possibilities
to change the Einstein-Hilbert action of GR, see the re-
cent reference [24], too. If successful, our model of MDG
can help the further development of string theory as a
possible physical description of the real world.
The action (1) appears, too, in a new model of gravity
with torsion and unusual local conformal symmetry after
its breaking in metric-dilaton sector [26] and in D = 5
Kaluza-Klein theories [27].
For boson stars the MDG was tested in [28]. There
it was shown that the star structure is slightly sensitive
mainly to the mass term in the dilatonic potential (typi-
cally into a few percent) and do not depend on the exact
form of this potential.
Investigation of MDG was started by O’Hanlon in con-
nection with Fujii’s theory of massive dilaton [25], but
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without any relation with cosmological constant problem
and other problems of cosmology and astrophysics.
An essential new element of our MDG is the nonzero
cosmological constant Λ [12]. Nevertheless at present still
exist doubts in astrophysical data: ΩΛ= .65± .13, H0=
(65± 5) kms−1Mps−1 which determine
Λobs = 3ΩΛH
2
0 c
−2 = (.98± .34)× 10−56cm−2
we accept this observed value of cosmological constant as
a basic quantity which defines natural units for all other
cosmological quantities, namely: cosmological length:
Ac := 1/
√
Λobs = (1.02 ± .18) × 1028cm, cosmological
time: Tc := Ac/c = (3.4± .6)× 1017s = (10.8± 1.9)Gyr,
cosmological energy density: εc :=
Λc2
κ = (1.16 ± .41) ×
10−7g cm−1 s−2, cosmological energy: Ec := 3A3cεc =
3Λ−1/2c2κ−1 = (3.7 ± .7) × 1077erg, cosmological mo-
mentum: Pc := 3c/(κ
√
Λobs) = (1.2± .2)× 1067g cm s−1
and cosmological unit for action:
Ac := 3c/(κΛobs) = (1.2± .4)× 10122 h¯,
κ being Einstein constant. Further we use dimensionless
variables like: τ := t/Tc, a := A/Ac, h := H Tc (H :=
A−1dA/dt being Hubble parameter), ǫc := εc/|εc| = ±1,
ǫ := ε/|εc|-matter energy density, etc.
In our special scalar-tensor model of gravity the cosmo-
logical factor Π(Φ) is the only unknown function which
has to be chosen to comply with gravitational experi-
ments and observations and to solve the inverse cosmo-
logical problem described in the last Section.
II. SOLAR SYSTEM AND EARTH-SURFACE
GRAVITATIONAL EXPERIMENTS
From known gravitational experiments one can derive
the following properties of cosmological factor Π(Φ):
1. MDG with Λ = 0 contradicts to solar system gravi-
tational experiments. The cosmological term ΛΠ(Φ) 6= 0
in action (1) is needed to overcome this problem.
2. In contrast to O’Hanlon’s model we wish MDG to
reproduce GR with Λ 6= 0 for some Φ = Φ¯ = const 6= 0,
i.e., the original de Sitter solution. Then we derive for
cosmological factor of this solution the conditions:
Π(Φ¯) = 1, dΠ
dΦ
(Φ¯) = Φ¯−1, d
2Π
dΦ2
(Φ¯) = 3
2
p−2Φ¯−2 (7)
as follows: i)From action (1) we obtain the first normal-
ization condition and Einstein constant κ = κ¯/Φ¯; ii)In
vacuum, far from matter MDG have to allow week field
approximation: Φ = Φ¯(1 + ζ) (|ζ| ≪ 1). Then the lin-
earized dilaton equation (2): ✷ζ + ζ/l2Φ=
κ
3c2
T gives the
second condition and iii)Taylor series expansion of the
function dV
dΦ
(Φ) around the value Φ¯ introduces dimen-
sionless Compton length of dilaton p= lΦAc and gives the
third of conditions (7). As a result we obtain
Π=1+ ζ+
3
4p2
ζ2+O(ζ3). (8)
3. Point particles of masses ma as source of metric and
dilaton fields give in Newtonian approximation gravita-
tional potential ϕ(r) and dilaton field Φ(r):
ϕ(r)/c2=− G
c2
∑
a
ma
|r−ra|
(
1+α(p)e−|r−ra|/lΦ
)
− 1
6
p2
∑
a
ma
M
(|r − ra|/lΦ)2 , (9)
Φ(r)/Φ¯=1 + 2
3
G
c2(1−
4
3
p2)
∑
a
ma
|r−ra|
e−|r−ra|/lΦ , (10)
G= κc
2
8π
(1− 43p2) is Newton constant, M =
∑
ama. The
term − 1
6
p2
∑
a
ma
M
(|r−ra|/lΦ)2 = − 16Λ|r −
∑
a
ma
M
ra|2+
const in ϕ is known from GR with Λ 6= 0. It represents
an universal anti-gravitational interaction of test mass m
with any mass ma via repellent elastic force
F
Λ a =
1
3
Λmc2ma
M
(r − ra). (11)
For solar system distances l ≤ 1000AU neglecting the
Λ term ( of order ≤ 10−24) we compare the gravitational
potential ϕ with specific MDG coefficient α(p) = 1+4p
2
3−4p2
with Cavendish type experiments and obtain an experi-
mental constraint lΦ ≤ 1.6 [mm], or p < 2×10−29. Hence,
in the solar system the factor e−l/lΦ has fantastic small
values (< exp(−1013) for the Earth-Sun distances l, or
< exp(−3 × 1010) for the Earth-Moon distances l) and
there is no hope to find some differences between MDG
and GR in this domain.
The corresponding constraint mΦc
2 ≥ 10−4[eV ] does
not exclude a small value (with respect to the elementary
particles scales) for the rest energy of hypothetical Φ-
particle.
5. The parameterized-post-Newtonian(PPN) solution
of equation (2) is complicated, but because of the con-
straint p < 10−28 we may use with great precision Hel-
big’s PPN formalism [29] (for α= 1
3
). Because of the con-
dition ω ≡ 0 we obtain much more definite predictions
then usual general relations between α and the length lΦ:
• Nordtvedt Effect:
In MDG a body with significant gravitational self-
energy E
G
=
∑
b6=cG
mbmc
|rb−rc|
will not move along geodesics
due to additional universal anti-gravitational force:
F
N
= − 2
3
E
G
∇Φ. (12)
For usual bodies it is too small even at distances
|r − ra| ≤ lΦ, because of the small factor EG. Hence, in
MDG we have no strict strong equivalence principle nev-
ertheless the week equivalence principle is not violated.
The experimental data for Nordtvedt effect, caused by
the Sun, are formulated as a constraint η = 0± .0015 on
the parameter η which in MDG becomes a function of
4
the distance l to the source: η(l) = − 1
2
(1 + l/lΦ) e
−l/lΦ .
This gives constraint lΦ ≤ 2× 1010[m].
• Time Delay of Electromagnetic Waves
The action of electromagnetic field does not depend on
the field Φ. Therefore influence of Φ on the electromag-
netic waves in vacuum is possible only via influence of
Φ on the space-time metric. The solar system measure-
ments of the time delay of the electromagnetic pulses give
the value γ = 1± .001 of this post Newtonian parameter.
In MDG this yields the relation (1± .001)g(l
AU
) = 1 and
gives once more the constraint lΦ ≤ 2 × 1010[m]. Here
g(l) := 1 + 1
3
(1 + l/lΦ)e
−l/lΦ .
• Perihelion Shift
For the perihelion shift of a planet orbiting around the
Sun (with mass M⊙) in MDG we have: δϕ =
k(lp)
g(lp)
δϕ
GR
.
Here lp is the semimajor axis of the orbit of planet
and k(lp) ≈ 1 + 118
(
4 +
l2p
l2
Φ
lpc
2
GM⊙
)
e−lp/lΦ − 1
27
e−2lp/lΦ
is obtained neglecting its eccentricity. The observed
value of perihelion shift of Mercury gives the constraint
lΦ ≤ 109[m].
Hence, the known data show that dilaton field Φ does
not cause observable deviations from GR in solar system.
Essential deviations from Newton law of gravity may not
be expected at distances greater then few mm.
III. VACUUM ENERGY AND TRUE VACUUM
SOLUTION IN MDG
Consider the total (true) tensor of energy momentum:
TTµν := Tµν+ < ρ0 > c
2gµν , (13)
<ρ0> being the averaged energy density of the zero quan-
tum fluctuations. For true vacuum solution of MDG:
Φ = Φ0 = const, gµν = ηµν (Minkowski metric) from
field equations (2) we obtain:
Φ0
dΠ
dΠ
(Φ0) + Π(Φ0) = 0 (14)
T 0µν = −
c2
κ¯
ΛU0ηµν = TT
0
µν− < ρ0 > c2ηµν , (15)
where U0 = Φ0Π(Φ0) = Φ0Π0. But for true vacuum
solution we must have TT 0µν ≡ 0 and then
< ρ0 >= κ
−1ΛU0 = κ−1ΛΠ0. (16)
Hence, true vacuum (TTµν = 0) yields Minkowski space-
time, but physical vacuum (Tµν = 0) yields de Sitter
space-time. In our model the real word is de Sitter Uni-
verse created by zero quantum vacuum fluctuations and
perturbed by other matter and radiation fields.
For <ρ0> calculated using Plank length as a quantum
cutoff the observed value of Λ gives:
κ < ρ0 > /Λ = U(Φ0)/U(Φ¯) ≈ 10122. (17)
This huge number yields the famous cosmological con-
stant problem and varies from 10118 to 10123 in different
articles [5]. We see that: 1) It is obviously close in order
to the ratio of cosmological action Ac and Planck con-
stant h¯: U(Φ0)/U(Φ¯) ≈ Ac/h¯; 2) in MDG there is no
crisis caused by this number, because it gives the ratio
of the values of cosmological potential for different solu-
tions: Φ0 and Φ¯, i.e. for different states of the Universe.
If we calculate the values A0G,Λ and A¯G,Λ of the very
action (1) and introduce corresponding specific actions
per unit volume: α0 = −Λcκ¯−1U0 and α¯ = Λcκ¯−1U¯ , we
can rewrite the above observed result in the form α¯ ≈
−α0 × h¯/Ac = |α0| × 10−122.
We hope that this new formulation of cosmological con-
stant problem will bring us to its resolution.
It’s natural to think that the huge ratio Ac/h¯ ≈ 10122
is produced during the evolution of the Universe. To
perform qualitative analysis we consider first the sim-
plest model of Universe build of Bohr hydrogen atoms
in ground state, i.e. we describe the whole content of
the Universe using such effective Bohr hydrogen (EBH)
atoms. Then for the time of the existence of Universe
TU ∼ 4 × 1017sec one EBH atom with Bohr angular ve-
locity ωB = mee
4h¯−3 ∼ 4 × 1016sec−1 accumulates clas-
sical action AEBH = 3/2ωBTU h¯ ∼ 2.4 × 1034 h¯. Hence,
the number of EBH in Universe, needed to explain the
present day action ∼ Ac, must be NEBH ∼ 5 × 1087.
This seems to be quite reasonable number, taking into
account that the observed number of barions in Universe
is Nobsbarions ∼ 1078 and we see that in our approach we
have disposable some 9 orders of magnitude to solve cos-
mological constant problem taking into account the con-
tribution of all other constituents of matter and radiation
(quarks , leptons, gamma quanta, etc) during the evolu-
tion of Universe from the Big Bang to the present epoch.
Neglecting the temperature evolution of the Universe, we
obtain an accumulated action Aγ ∼ ωγTU h¯ ∼ 1030 h¯
for one γ-quanta of CMB (which is most significant part
of radiation in Universe). A simple estimate for Bohr-
like angular velocity of constituent quarks in proton is
ωBq = me/mq(rB/rp)
2ωB ≈ 107ωB (for mass of con-
stituent quarkmq ∼ 5MeV , Bohr radius rB and radius of
proton rp ∼ 8×10−13cm). Then the action, accumulated
by constituent quarks in one proton during evolution of
the Universe, is Ap ∼ ωBqTU h¯ ∼ 1042 h¯. This gives un-
expectedly good estimation for the number of effective
protons (ep) in the Universe: Nep ∼ 1080. We may use
the left-off two orders of magnitude to take into account
contribution of the other matter constituents and of the
temperature evolution of the Universe: during the short-
time initial hot phase some additional action must be
produced.
The main conclusion of this qualitative consideration
based on classical mechanics and simplest application of
basic quantum relations is that actually in MDG the ob-
served nonzero value of cosmological constant Λobs 6= 0
restricts the number of degrees of freedom in the observ-
5
able Universe and maybe forbids the existence of more
deep levels of matter below the quark level.
IV. APPLICATION OF MDG IN COSMOLOGY
In MDG for Freedman-Robertson-Walker (FRW) adi-
abatic homogeneous isotropic Universe with ds2FRW =
c2dt2 − A2dl2k, t = Tcτ , A(t) = Aca(τ) and dimension-
less dl2k =
dl2
1−kl2 + l
2(dθ2 + sin2θ)dϕ2 (k = −1, 0, 1) in
presence of matter with energy-density ε = εcǫ(a)/Φ¯ and
pressure p = εcpǫ(a)/Φ¯ dynamical equations are:
1
a
d2a
dτ2
+ 1
a2
( da
dτ
)2 + k
a2
= 1
3
(Φ dΠ
dΦ
(Φ) + Π(Φ)) ,
1
a
da
dτ
dΦ
dτ
+Φ
(
1
a2
( da
dτ
)2 + k
a2
)
= 1
3
(ΦΠ(Φ) + ǫ(a)) . (18)
The use of Hubble parameter h(a) = a−1 da
dτ
(τ(a))
(where τ(a) is the inverse function of a(τ)), new vari-
able λ = ln a and prime for differentiation with respect
to λ gives the system for Φ(λ) and h2(λ):
1
2
(h2)′ + 2h2 + ke−2λ = 1
3
(Φ dΠ
dΦ
(Φ) + Π(Φ)) ,
h2Φ′ +
(
h2 + ke−2λ
)
Φ = 1
3
(ΦΠ(Φ) + ǫ(eλ))
and relation τ(a) =
∫ a
ain
da/(a h(a))+ τin. Excluding cos-
mological factor Π(Φ) we obtain the equation:
Φ′′+
(
h′
h
−1)Φ′+2 (h′
h
− kh−2e−2λ)Φ= 1
3h2
ǫ′, (19)
or in terms of the function ψ(a) =
√
|h(a)|/aΦ(a):
ψ′′ + n2ψ = δ, (20)
−n2 = 1
2
h′′
h
− 1
4
(h
′
h
)2− 5
2
h′
h
+ 1
4
+ 2k
h2
e−2λ, δ = 1
3
√
a/|h|3 dǫ
da
.
Now we are ready to consider the inverse cosmologi-
cal problem: to find a cosmological factor Π(Φ) which
yield given evolution a(τ) of the Universe. A remarkable
property of MDG is that unique solution of this problem
exist for almost any three times differentiable function
a(τ); the values of all ”bar” quantities (including κ¯ in
action (1)) may be determined from time evolution a(τ)
of the Universe via the solution λ¯ = ln a¯ of the Eq. (4).
Indeed: for known a(τ) construct the function h(λ)
and find the point λ¯ as real solution of the algebraic equa-
tion r(λ¯)=−4, r(λ)=−6 ( 1
2
(h2)′+2h2+ke−2λ
)
being di-
mensionless scalar curvature: r = R/Λ. Then using Eq.
(7) obtain Φ¯ = −4ǫ¯ (1+ 4
3
p2
)
/
(
j¯′00(1+
4
3
p2) + 4p2h¯2r¯′
)
,
Φ¯′/Φ¯ = − 1
3
p2r¯′/
(
1+ 4
3
p2
)
; j00= G00/Λ = 3
(
h2+ke−2λ
)
is dimensionless 00-component of Einstein tensor. In
their turn quantities Φ¯ and Φ¯′ determine the values of
constants C1,2 in general solution Φ(λ) of Eq. (19):
Φ(λ) = C1Φ1(λ) + C2Φ2(λ) + Φǫ(λ) where Φ1(λ) and
Φ2(λ) are a fundamental system of solutions of corre-
sponding homogeneous equation and
Φǫ=
a¯
(3h¯∆¯)
(
Φ2
∫ λ
λ¯
dǫ
Φ1
ah
− Φ1
∫ λ
λ¯
dǫ
Φ2
ah
)
,
∆(λ) = Φ1Φ
′
2 − Φ2Φ′1. The dependence on λ of cosmo-
logical factor Π and potential V are given by equations
Π(λ) = j00 + 3h
2Φ′/Φ− ǫ/Φ,
V (λ) = 2
3
∫
Φ (ΦΠ′ − Φ′Π) dλ (21)
which define functions Π(Φ) and V (Φ) implicitly.
This mathematical result shows maybe the best way
to study SUSY breaking and the corresponding potential
VSUSY (φ): we have to reconstruct the real time evolution
a(τ) of the Universe from astrophysical observations.
Finally we stress following specific properties of MDG:
1) If n> 0 dilatonic field Φ(a) oscillates; if n< 0 such
oscillations do not exist. The change of sign of dilaton
field Φ yields phase transitions of Universe from gravity
(Φ> 0) to anti-gravity (Φ< 0), or vice-versa which are
possible for width class of cosmological potentials, but
excluded for other potentials.
2) In spirit of Max principle Newton constant depends
on presence of matter: G∼1/Φ¯∼1/ǫ¯.
3) For simple functions a(τ) the cosmological factor
Π(Φ) and potentials V (Φ) and U(Φ) may show unex-
pected catastrophic behavior: ∼(∆Φ)3/2 (∆Φ=Φ−Φ(λ⋆))
in vicinity of the critical points λ⋆: Φ′(λ⋆)=0 of the pro-
jection of analytical curve {Π(λ),Φ(λ), λ} on the plain
{Π,Φ}. Scale factors a(τ) yielding an everywhere analyt-
ical cosmological factor Π(Φ) exist, too.
4) Clearly one can construct MDG model of Universe
without initial singularities: a(τ0) = 0 (which are typical
for GR) and with any desired kind of inflation.
5) Because the dilaton field Φ is quite massive, in it will
be stored significant amount of energy. An interesting
open question is: may the field Φ play the role of dark
matter in the Universe?
A very important problem is to reconstruct the cosmo-
logical factor Π(Φ) of real Universe using proper exper-
imental data and astrophysical observations. This prob-
lem was at first studied in [30] for more complicated mod-
els than MDG with two independent unknown functions.
We see that MDG is a rich model with new curious
features and deserves further careful investigation.
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